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Introduction to Topology

outline - outcomes - prerequisites

Outline Outcomes

- Topology + Understand basic (but rigorous) notations and
. What the hell is it? terminologies of topology

» Chaotic, discrete, and standard topology + Even the odds of browsing Wiki

- Upgrading old definitions » Have fun

- Topological space

. Continuity Prerequisites

- High-school set theory
- MATH1510

« Homeomorphism
- What do | mean by this crazy word?
- A coffee mug is a donut.

. Luckily, we can draw a map of Hong Kong.



Topology

What the hell is it?

Why topology?

Allows defining continuity!



Topology

What the hell is it?

Any set M

Its power set L (M)

Topology axioms

Aset O C LP(M) is atopology of M, iff:
. e O,M e O;

. ForanyUe OandV e O,wehave UNV € 0; (JIBFRE intersection £ )

_Forany U, € O, U U, € 0. (ARSI union 7))

acEA



Topology

chaotic - discrete - standard

s WEE—1TEE M > REZIHHENMT topology

. chaotic topology: 0 = {Q, M}.

. discrete topology: O = LP(M).



MEN4 Standard topology (!

18510] » 7 Euclidean metric F »

Topology

chaotic - discrete - standard

Roil=tgh
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RN R (interior point) BNES ° |

T X standard topology O .,
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Topology

upgrading old definitions
ILEEFEN SR |
Suppose O is a topology of M. A subset U C M is open (w.r.t. ), iff
Ue 0.

By def., topology is a collection of open subsets of set M.

LER metric 7 S SRAOFFE TS «



Topology

upgrading old definitions
MITEEFTE X F)5E |

U is closed iff U¢ is open.

A I LEETE X neighbourhood, limit point, compactness (Z&14) , ...
H1TWiki » BB I5ERER T °
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Topological Space

&£5 M IETE— topology O > NIFZEX topological space (M, O) -
8] = £ 5 + Ef/E L5



Continuity

ZE— T mapx: U - V> FEZENX map IUEZENY -

MATH1510 : 12317 x: R —» R B9&EEM -

ESTR1005 : EX. T x : R —» R B9EZEY o
VEGE]l : TVe>0,36>0: |[x—x)| <0=>|f(x) —flxy)]| < €°




Continuity
IR R2EE) R AL S E S A B2 -
BHENB—MES « preim(V) = {u|fw) € V). (Efg/preimage)

Consider two topological spaces (M, O0,,), (N, Oy). Amapf: M — N is said
to be continuous (w.r.t. ©0,, and 0y,), iff:

vV e Oy, preimdV) € Oy,
THENREEHSE - 2



Continuity
simple but makes sense (¥hFNEXBEEREVMFH/LOER ?)

fact: H1EREELEI R - R HEE O, I » topological continuity FF
AL B Jaggi continuity ©

7ok topo implies Jaggi. WEE xy € X > BUIEEF & 371 Jaggl implies topo. RIEE - FEVAS ECR -
R e FKE E = (f(x) — &, f(x)) + €) - ERARE # D £ preim(E) REFFE - J'_“JY_ D FFE X &
std topo MEFFE - #E topo cont., 2VS:(x—68,x+5) ¢ D o FEFF fix) —%&
D = prelmf(E) EH&E -EREx €D - - EAEZE 5 LIRS s ENEE P 2 (f(x) —¢e,f(x)+¢€) CE-
Mo ZPTRE2ARBIF0: (xg—0,xg+0) C Do }& Jaggi cont >

T |x—x)| <0=|[f(x) —fxy)| < € LLED 36 : (x — 6,x + &) C preim(P) C preim(E) = D
Jaggi cont. o g |




Continuity

= g &SR N gofELE

(easy to show)



Homeomorphism

What do | mean by this crazy word?

ISR T HRINE RIEEETIRE X MY equivalence relation o

Two topological spaces (M, 0,,), (N, Oy) are said to be homeomorphic, iff
there existsamap f : M — N, such that:

. fis bijective;

. both fand f~! are continuous.

Notation: (M, 0,,) ~ (N, Oy).

RS INFILTE X E equivalence relation BJ=AE o




Homeomorphism

A coffee mug is a donut.




Homeomorphism

Luckily, we can draw a map of Hong Kong.

Claim: ittEk_EIEE is homeomorphic to it [E _ERVEFE ©

k-dimensional topological manifold (¥FMAHZ) : “locally homeomorphic to
R*”.
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